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INTEGRATED CAUCHY FUNCTIONAL EQUATION AND
CHARACTERIZATIONS OF THE EXPONENTIAL LAW
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SUMMARY. A general solution of the functional equation T f@+y)duly) = f(x) where
0

fis a nonnegative function and y is a o-finite positive Borel measure on [0, ©) is shown
to be f(z) = p(z) exp (\x) where p is a periodic function with every y€u, the support of 4 as a

period. The solution is applied in characterizing Pareto, exponential and geometric distributions
by properties of integrated lack of memory, record values, order statistics and conditional
expectation.

1. INTRODUCTION
The Cauchy functional equation

flety) = f@)f(y) ¥ (2, y)e S - (L)
where § is a specified set in R? has been extensively studied by a number of

authors (see Aczel, 1966). We consider two integrated versions of (1.1),

lofm[f(x+y)—f(x)f(y)]d/t(y) = 0¥ 22> 7> —oo, .o (12)
flx+y) _ _
[ofm)[ ) —-f(x)] du(y) =05 2 > 2y > —o0, ... (1.3)

where u is a positive Borel measure on [0, c0) and f is nonnegative on u (the
support of x) in (1.2) and f is positive on g in (1.3). Both the equations are

special cases of a general equation of the type

o Jo )f(x“l‘?/)dﬂ(?l) = f(z) a.e. for x €[z, ) v (1.4)
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where fis nonnegative and g is asin (1.2) and (1.3). We call (1.4) an Integrated
Cauchy Functional Equation (ICFE), or more specifically ICFE(x) indicating
the measure used for integration. We may take z,in (1.4) to be zero without
loss of generality (as in (2.1) of section 2).

We note that the equation (1.4) occurs in renewal theory with x4 as a
probability measure and f as a bounded continuous function. In such a case,
when px is not arithmetical, Feller (1971, pp. 364, 382) showed that fis a
constant. This result also follows from a general theorem due to Choquet
and Deny (1960) which asserts the constancy of a bounded continuous funec-
tion in a more general situation where f and x4 are defined on a locally compact
Abelian group.

Recently, a number of papers appeared on the solution of (1.4) under
the conditions that f is a locally integrable nonnegative function (or f satisfies
a certain growth condition) and that there exists a & > 0 such that

1< j?e“” du(y) < .. (1.5)
0

(see Brandhofe and Davies, 1980; Ramachandran, 1979; Shimizu, 1978 and
other papers cited by them). We solve the equation (1.4) without using
the stringent condition (1.5), which opens up a wide range of applications.
We show that if a nontrivial solution for f exists, then it 1s of the form

f(x) = p(x)e?* a.e. for & > x, ... (1.6)

where p(x4-z) = p(x) ¥ 2eu. The solution is applied to characterize the
exponential, Pareto and geometric distributions by lack of memory, pro-
perties of record values and order statistics, constancy of conditional expecta-
tion etc.

In the special case when u is a lattice and f is defined only on the support

points of u, the equation (1.4) can be written as

2 fmingn=fm, m=0,1,.. e (L)

where fp, and g, are nonnegative numbers. An equation of the type (1.7)
arose in characterizing a Poisson distribution by what is known as the Rao-
Rubin condition based on a damage model introduced by Rao (see Rao, 1965
and Rao and Rubin 1964). Shanbhag (1977) proved that a general solution
of (1.7) is of the form

fm = cf™ where g pi=1 .. (1.8)
A1-10
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under the conditions that g, 7 0 and at least one f, is not zero. The general
result obtained by us provides a complete answer to the problem (1.7) :

() If g > 1, fm = 0 % m.

(ii) If g =1 and g; is the first in the series g,, g,, ... which is not zero,
then fy, ..., fi_; are arbitrary and fg,, fi,s, ... all are zero.

(iii) If g, < 1 and 2 nontrivial solution exists, then it is of the form
fm = pmpP™ where Zgyft =1 .. (1.9)

where ppm,1 = pm if g; % 0, thus avoiding the assumption g, # 0.

(iv) If g, <1 and no g exists such that X g;8 =1, then f,, = 0 m
is the only possible solution.,

2. PRELIMINARIES
We define the ICFE(u) as

o j;) fle+y)du(y) = f(z) a.e. ze [0, 00) . (20

where 4 i¢ a g-finite positive Borel measure on [0, c0) and not degenerate at 0,
and fis a nonnegative function. We prove a number of lemmas as prelimi-
nary to the statement of the main Theorems 3.1 and 3.2 given in section 3.

Lemma 2.1 : Let f be a locally integrable nonnegative (1.i.n.) solution of
the ICFE (u) and let o be such that

1< [o{ it ap(y)-
Then for any f> a, x >0
E e fly)dy < oo, . (22
If we let
) =;} ey f(y)dy .. (2.3)

then f s @ nonnegative, continuous and decreasing solution of the ICFE(fi) where

djily) = €A du(y). . e (24)

Proof : The first statement follows from Theorem 1 of Brandhofe and
Davies (1980). The second statement is a consequence of Fubini’s
theorem.
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Temma 2.2 : Let f be a li.n. solution of (2.1). Then the following hold :
(@) If u(0) > 1, then f=0 a.e.
(i) If u(0) =1, then f = 0 a.e. ¥ > a where a = infiz : x ¢ p\{0}}

(iit) If w0) < 1, and there is a solution f which does not vanish a.e., then
a strictly positive solution exists. Comversely, if a strictly positive
solution f exists, then pu(0) < 1.

Proof of (i) : Tet u(0) > 1. Then

flx) = /c(O)f(x)—}—(o L) fle+y)du(y) ae. .. (2.5)

which == (u(0)—1)f(x) =0 a.e. or f(x) =0 a..

Proof of (ii). Let f and /i be as defined in (2.3) and (2.4) respectively.
Then x(0) = 1 == i(0) == 1 and from (2.5) with f and u replaced by F and
I we have

(o.fw) fa-y)disy) = 0. .. (2.8)

If f o 0.a.e. for > a (as defined in the statement (ii) of Lemma 2.2), then

fia) > 0 for some = > a, and because of the decreasing property of f fley>o0
on a neighbourhood of a. This would imply that (2.6) cannot be zero which
is a contradiction.

Proof of (iii). We show that f (which is a continuous decreasing func-
tion) cannot vanish. Suppose that a > 0 is the smallest value such that

f.('x) = 0% 2 > a. Choose 0 < 8 < asuch that z(0, §) < 1—7(0).
Then  fla—8) =fla—8imO)+ | fla—o+u)dily)

< f(a—8)i0)+-F(a— )1 —((0)) = fla—8)

which is a contradiction. The result is established by noting that f(0) £ 0
and h(x) = P* f'.(x) is a positive solution of ICFE(u). The second part of
statement (iii) follows immediately from (i) and (ii).

For any subset 4 in [0.c0), let

A4, ={x;+.. 42, 2ed, i=1,..,n}.



76 KA-SING LAU AND O. RADHAKRISHNA RAO

If u® denotes the n-fold convolution of x, then u® = u,, using the notation

4 to denote the support of . ILet
Q={x—y:z,ye€ ”L'Jl Pn}-

Then @ is a subgroup of R and is either dense in R or discrete in R.

Lemma 2.3: Let 0 < d <1 and, A, E and @ be as defined above. Then
there exist a finite set A = {py, ..., pm} G E with each py > 1 and an x, such
that for any x € G with x > x,, we can find a ye\) 4, C\Y p, satisfying
the condition. |y—z| < 8. B

Proof :  Consider the case where p generates a discrete group G which

may be taken as N (the set of integers) without loss of generality, Hence
there exists a finite subset 4 = {p,, ..., P} in 4 such that the greatest common

divisor of py, ..., pm is unity. We prove the assertion for m = 2 in which
case the general result follows by induction. It is easily seen that for
m > p,p, there exist a«,fe Nt (the set of positive integers) such that
m = ap,+pfp,. Then the result of the lemma holds since me @ and

(apy+pp.) €M 4,
Now consider the case where x generates a dense subgroup in By There

are two possibilities :

Case (a). There exists a countable infinite subset B = {p,, p,, ...} G &

which generates a dense subgroup of R and that for each n, {p,, ..., p,} generates
a discrete subgroup {md, : m € N} with d, > 0. Then limd, =0 as n— o0
and hence, for any 6 >0 we can find an n, such that dno < 4. Let

A={p, ..., pno}. It follows from the previous part that there exists an
x, such that for z > x,, there exists a ye() 4, CY g, and |y—z| < 4.

Case (b). There exist p;, p, such that they generate a dense subgroup
in B. Without loss of generality, we may assume that p, = p is an irrational
number and p,=1 and let 4 ={1,p}. It is well known that the set
D = {np—[np] : n € Nt} is dense in [0,1]. For any 6> 0, there exist
D, ..., ngp such that for any & [0, 1],

| negp—[ngp]—E| < 6 for some ¢.

Let ny = max{[ngp]:7 =1, ..., k. Then for any = > n,, there exists an ¢
such that

| np—[np)—(e—[2])| = |{nip+[2]—[npl}—2| <o
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with ng > 0 and [z]—[np] > 0. This completes the proof since

nip+([#]—[npl) €U 4, C U fen.

3. THE MAIN THEOREMS
The following theorems provide a solution of (1.4), the ICFE(x).

Theorem 3.1 : Let f be a positive locally integrable solution of the ICFE(u).
Then
f(@) = p(x)er* a.e. ~ (3.1)
where A ¢ (—0o0, 00) and is uniquely determined by

1= fe“’ duly) .. (3.2)

and p is a positive periodic function with every z € p as a period.

Theorem 3.2: Let f be a nonnegative locally integrable solution of the
ICFE(p). If p(0) <1, then f(x) = p(x)exp(Ax) a.e. where A satisfies (3.2) and
pJis nonnegative and periodic with every z € u as a period.

Note that if there exists no A such that (3.2) holds, then f = 0, a.e. is
the only solution.

Remark 1 : Tt suffices to prove Theorem 3.1 for f positive, convex and
decreasing.

Let £ be as in Lemma 2.1.
Then

e oo

hz) = [( | e*¢' ft)dk) dy

Yy

8

is convex, decreasing and satisfies ICFE(z) where dji(y) = €28 du(y). If p
is proved to be of the form u(x) = p(x)e’*, then f will also be of the same form
by taking derivatives.

Remark 2 : It suffices to prove Theorem 3.1 for v = o 2-7u" where un
1
is the n-fold convolution of x.
This follows from the fact that if f is a solution of the ICFE (), then it

is also a solution of the ICFE (v), by using Fubini's theorem. We use the
property that »' 2 the semigroup U ,.
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Remark 3 : Let BE={recp:pz—0,2]>0+3d>0}. It is easy to
show that #\\E is a p-zero set and F is dense in #. It suffices to prove the
periodicity of p for y ¢ E.

Indeed, by Remark 1 we can assume that f is continuous. Let
f(@) = p(x)e*® where p(x+y) = p(x), S+ yeE. Since E is dense in u, the
continuity of p implies that p is periodic for all ye B which is the
same as /.

Since the proof is quite long, we will divide it into several lemmas and
a main proof. We assume that f is as in Remark 1, the measure g is of the
form v mentioned in Remark 2, and 1 ¢ E where E is as in Remark 3. The
same proof works for any a. We prove that f(x) = p(z)e** where p is a
periodic function with period 1. We denote

- fl@+1)
°= [42})1,1:.,) f(@) <t

Lemma 3.1 : Let 6 be such that 0 << & < c. Then

8 < o— TEHD 0 <o fetytl)

)
_Jetl) 92 Tty -v-ye[—T,O:I. .. (3.3)

fl@) 2

Proof : By the convexity of f we have for —1 < y < 0, and any z
fe+y+1) < f@)+Hfe+1)—f(@))y+1)

and
f@+y) > f@)+[fle+1)—f@)ly.

Hence

fety+)) _ f@)HiE+)—f@ly+1)

flz+y) f@)+fe+1)—f()ly
1+(c—d—1)(y+1)
S TiFe—s—1y (8.4)
if @ is such that f(z+1) < (c—0)f(z). The inequality
1+(c—0—1)(y+1) 9/2 g

)
>Cl—g = Y >

1 (c—d—1)y A—cfd) l—cF82) ~ 2"
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Hence for —46/2 < y < 0, from (3.4)

fle+y+1) < 1t+e—d-ly+1) . &
fe+9) IHe—d—ly <72

Lemma 3.2: Forany b>a, x> 0,

faty+1) | fety) e+
0< S, (Tt ) ey e < o= . (35)

Proof : Since f satisfies the ICFE(u)

fe+)) _ % faty+)
=i

®  fl@ty+l) flezty)
o faty  fw) Hote

fla+y)
—° (afbl f(x) )

_ fla+y+1) flzty)
- c—l—(avb]( flz+y) c) f(@) auty)

which yields the desired result.

Lemma 3.3: Let 0 <€, <<c and k be a given positive inleger. Then
there exists an €, such that

fl+1)

. flx+n+1)
0<ec @) T e

) <eWV0<n<k .. (3.6)

<& 1=0<c

Proof : Let nx = €o/2 and choose 7y_y, ..., 7, such that 0 < 7, < €,/2
and

20
(c—292)(1—7p 43, 1]

{Note that 1 ¢ £ by assumption so that u(1—n;,,, 1] > 0]. Now let ¢; = 27,.
Then for any z with 0 < c—[f(z+1)/f(x)] < 27, Lemma 3.2 implies

0<

< 7’,‘.‘.1, n = O, erey ’0-—'1.

0

1 fwdytl) | Sty _fet)
oy (e~ g ) Ty o) S =250 < 2
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Applying the mean value theorem to the above integral

Sty +) _ f@) 21,
fe+y) = fle+y) " pl—ny, 1]

for some 1—7, < y' < 1

. J@ 2,
= fe+) " p(l—yy, 1]

21,
< < 74
= (e—2pgu(l—7y, 1] "

By using a contradiction argument of Lemma 3.1 (replacing  in the lemma
by z+4-1)

f@+2)

0 <o=fwt1)

< 27y < &

By repeating the same argument,

fl@4n+1)
fl@+n)

Lemma 34: Letpe EC pu. Then

0<c— 2 <gWVOLnKk

(i) c? = b where b = sup f(fx(;l-)p). .. (3.7)

(ii) For any integer k > 0 and any g, > 0, there exists an €, such that

f@+p) o (. fetntlp)
7@7_> (c el)p=W> (c—ep V1K KLk ... (3.8)

(iii) If p > 1, then for any €, > O, there exists an &, such that

f(fx(j) Do oe, =f(;(—:)r) > (c—¢g)?. . (39)

Proof of (i) : For any e, > 0, there exist integers m, n > 0 such that
n—g, < mp < n. From Lemma 3.3, there exists an # for given n such that

fatl) . fwtn)
@ - TNy

> (c—egg)™
Hence

n S fEtmn) S fokn) e
i Ry Tl
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which implies that b > (c—eo)ﬁa"lm. Since €, is arbitrary, we have b > c?

Note that Lemma 3.3 will apply for p in the place of 1; we then have

fx+p)

7@ > b—e™

>0 = @)

Now choose m, n > 0 such that mp—e, < 7 < mp.

Th s J@+n) S fatmp) 0
on "2 rw) fay O

which == ¢? > b. Hence b = ¢? which establishes (i).

Proof of (ii) : Again considering p for 1 in Lemma 3.3, and observing that
b == c?, we obtain the result (ii).

Proof of (iii) : Let €, > 0 and m, n be such that n—e, < mp < n. Let

0 < 7' < c—[cPm—D(c—gg)p]'/™P+0),

(Note that the condition p > 1 ensures that the term on the right hand side
is positive for small €;). Applying Lemma 3.3, there exists €, such that

K = ea=lg > e
Then
f(x;l(-x?p) > f(;(::)n) > (=g} > (o)™
We claim that
TEED) > (o—eop.

for otherwise

mofey o J(z+mp) fz+p)
f(x+m—1p) @)

(c—1")

< oim-Dp(o—gy)p

which contradicts the choice of %’. Thus result (iii) is proved.
Al-11
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Lemma 35: Let 0 <€, <c and p,,...,p, and m, be chosen as in
Lemma 2.3 (with all p; > 1). Then for any a > 0, there exists an €, such that

f(;(—{:;)l ) > c—¢€,; gf%%;i’—)g) > (c—gp)'™™ . (3.10)

for all ye[0, a]()-G-

Proof : For simplicity, we will prove the case » = 1, and the extension
to general n can be carried out in a similar way.

Let us denote p, by p. There are finitely many m’s and #»’s such that
(n+mp) € [my, my+a), say k. Choose 7, € (0, €,) such that

(e—7)™? (R+mp)—m ' 11
Tmgn > (c—€p) o ¢ n+mp € [my, my+al. ... (3.11)
c

By Lemma 3.4, (ii); we can find 7, € (0, 7,) such that

Jfla+p)
@)

By Lemma 3.4, (iii), we can find 7, ¢ (0, %,) such that

f(z-+m+1p)

= =P = )

> (c—7,)?, 1< m L k.

flz+1)
f(=)

— f+p)

> (e—ny)?.

By Lemma 3.3 we can find ¢, € (0, 7,) such that

fle+1)
fl@)

fatnt1)

> 8= fltn)

>c—pWV ISk

It follows that for n+mp e [my, my+al,

_, Jetntmp) _ fatnimp)  ftn
Slx+my) flx+n) " fla+mg)
> =70 "™ it > my, .. (3.12)

> (e—m0) fe " i n < my, e (3.13)
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In the case of (3.12), and in the case of (3.13) by the construction (3.11), we
have

flz+n+mp)

fn+mp—-m
ety > (o)™ e,

Now for any y ¢[0,a] () @, there exists n+mp such that
n+mp—egy < my+y < n-t+-mp.
Hence

n+mp—m,

fletmyty)  fletntmp)
flatmg) = flatmy)

> (c—¢y) > (c—¢gp)¥*o

which completes the proof.

Main proof of Theorem 3.1 : From Lemma 3.4(i), [f(z+y)[f(x)] < ¥ ¥
ye E. Suppose that [f(z+1)/f(x)] < ¢ for some z. By the continuity of f,
it follows that [f(z+y)/f(x)] < ¢¥ % ¥ in a neighbourhood of 1. Hence

= T

< of"cv duly).

(Strict inequality holds since we assume that u(1—4, 11> 0 for § > 0). Then
there exist @ and g, such that

1< [ (c—gp)¥* duly).
[0, a]

For the above a and &, we take mg and ¢, as in Lemma 3.5 and choose z, such
that [f(zo+1)/f(z,)] > c—e;. Hence

1< [ (c—¢gg)*% du(y)
[0, a]

J@otmoty) b Lomma 3.5
wane f@et+mg) du(y), by Lemma 3.
® flzy+mo+y)

< — G, = 1'
J F@oFmy) #(Y)
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This is a contradiction and hence [f(z-+1)/f(x)] = ¢ for all . This implies
that there exists a A such that f(x) = p(x)e*® where p is a periodic function
with period 1. The above argument applies to any y € E instead of 1. We
then have f(x) = g(x) ¢** where ¢ is a periodic function with period y. Hence
A =a, and p = g = constant on the set a+D, where a¢e[0, c0) and

D,={&>0:2=ml+ny, mnelN}
We conclude that f(z) = p(x) e** for some A where p is constant on the set
a-+D with a €[0, 00) and

n
D= {x >0:x= 2 my;, mie Nt,yse B, 0 =1,...,n, nsN+}
1
where N+t is the set of positive integers, which implies that f(z) = p(x) e**

where p is a periodic function with every y ¢ E as a period.

To prove
ofwe‘” du(y) = 1
we observe that
p(x) 4% = f(x) = l,Imzo(any) M) dp(y)

= [ Bley) A duly) = pla) 2 [ W dly)

which yields the desired result.
Theorem 3.2 follows by using Lemma 2.2 and Theorem 3.1.

4. CHABACTERIZATIONS OF THE EXPONENTIAL LAW
4.1. Lack of memory : A nonnegative random variable X is said to have

the lack of memory property if

PX>24y)=PX>a)PX>y) ¥V (x,y)eSC R
(4.1.1)

Denoting F(x) = P(X < z) and G(x) = 1—F(z), the condition (4.1.1) is
equivalent to

Glx+y) = G(x)Ay), .. (4.1.2)

or

__G(c:;) Y _ G(x). when G(y) # 0. o (4.1.3)
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Under some conditions on the set 8, it is shown that (4.1.1) == X ~ E(A),
i.e., follows the exponential distribution (see Galambos and Kotz, 1978 for
complete bibliography and detailed proofs). Recently, Huang (1978), Rama-
chandran (1979) and Shimizu (1978) considered an integrated version of
(4.1.2)

[ofm) G(x+-y)duly) = G‘(w)[0 L, G(y)duly) = cG(z) e (4.1.4)

where u is a p.d.f. and showed that if x is not degenerate and p(0) < ¢, then
G is of the form

G(x) = p(x)e** .. (4.1.5)
where p(z4-z) = p(z) for every z € jt, the support of u. In particular if Yz

is not lattice, then G(z) = e ie., X ~ E(A).

We consider an integrated version of (4.1.3)

G(z+y)

de Gy HI=C@RN¥e2n .. (41.6)

where pis a p.d.f. and G(y) is positive on p.  If we write du,(y) = [G(y)]du(y),

then the equation (4.1.6) can be written
o L) G(x+y)dp (y) = G(z). .. (417
Since x, need not be a p.d.f., the results of the earlier authors do not apply.
However, Theorem 3.2 shows that
G(x) = p(x)e~** .. (4.18)

provided that x(0) < G(0), where p(z-+z) = p(x) for every zeu, = pu. If

the support of x4 is not a lattice, then p is a constant. From Theorem 3.1,
A satisfies the equation

1= [ eMdu(y) = [ e (pe2¥)2du(y)
[0, &) [0,

which is true for any A with p = 1. Of course A > 0, since 1—-@G is a p.d.f.
Thus, the equation (4.1.6) provides a characterization of E(A).
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Let us consider a diserete version of the equation (4.1.6) with the random
variable X taking values 0, 1,... with probabilities py, p;,.... Defining
Py = pmy1+Pmiot ..., and assuming that Py, £ 0,m = 0, 1, ..., the equation
becomes

©
$ P»;;_ﬂ_q» — Py, m=0,1, ... . (41.9)
7n=0 n

Applying the result (1.9), or the general Theorem 3.1,
Py = cppm ... (4.1.10)

where ¢y = cpmq if g % 0, and B is such that

If the greatest common divisor (g.c.d.) of the indices 7 for which ¢4 0, is
unity then ¢, = ¢ = 1 for all », in which case the probabilities for X are
Do=0, py=1—PB,p, = (1—B)B, ps = 1—P)B% ... ... (41.11)
which is the truncated geometric distribution.
Let the g.c.d. of the indices ¢ for which ¢; # 0 be 2. Then the general
solution (4.1.11) gives the probabilities
0 ifi=20

pi=4 B1—cp) ifiisodd .. (41.12)
Bl e—p)  ifiis even

where ¢ and g are such that the expressions in (4.1.12) are nonnegative and
less than unity. Other distributions are possible depending on the support
of the Y distribution characterized by g;.

If X and Y are required to have the same distribution i.e., p, = g, for
all ¢ in (4.1.9), then it is easily seen by substituting the general solution
(4.1.10) in (4.1.9) that

Pgt = qgt = (1—p9)po4-1, i=1,2, .. e (4.1.18)
where g is the g.c.d. of the indices 7 for which p; # 0.

The solutions (4.1.11-4.1.13) for the discrete (lattice) case provide a com-
plete answer to a question raised by Grosswald and Kotz (1980). The solu-
tion (4.1.8) for the non-lattice case is obtained by these authors under some
regularity conditions on the probability measure u,
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4.2.  Record value problem : A random variable X, is said to be the
n-th record value in successive draws of independent observations from a
population if X, > X, for n > 1 and X;, = X,, the first observation.
If X ~ E(A), then [X,,)—X(,_1)] ~ E(A). We shall find the class of distribu-
tions for which this property holds.

Let F denote the p.d.f. of a nonnegative random variable X and define
G = (1—F). Further let H, ; denote the p.df. of X_;. If X, and
X(n—X(,_1) have the same distribution, then

i y+=)

&) dH, _i(y) = G(x). .. (421)

An application of Theorem 3.2 to (4.2.1) shows that
Q(z) = p(x)e** .. (4.2.2)

where p(x) = p(x+z) for all z belonging to the support of @,_; which is the
same as the support of G. The distribution function (4.2.2) is E(A) if the
support of G is not a lattice. The characterization of E(A) through the equa-
tion (4.2.1) has been obtained by Ahsanullah (1978, 1979) under some condi-
tions on the hazard rate associated with G.

4.3. Conditional expectation : Sahobov and Geshev (1974) established
that for a nonnegative random variable X,

E(X—2F|X > 2] = B X*) %2> 0= X ~ E(A). .. (43.1)

We prove this result by an application of Theorem 3.2.

Let F be the d.f. of X and define @ = 1—F. Then the equation (4.3.1)
is equivalent to

[ (y—2*dF(y) = GE)E(X*) = ¢ Oz) . (432)
z
which is equivalent to

f (y—2)¥1G\y)dy = % G(2).
2

or

of Gly-+2yt-idy = - Gz, . (43.3)
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An application of Theorem 3.2 shows that

G(z) = e,
ie, X~ E(A). If X and z are allowed to take only integral values, then X
has the geometric distribution.

4.4, Order statistics : Let X 5 denote the i-th order statistic in a sample
of n observations. Puri and Rubin (1970) considered the problem of charac-
terizing the distribution of X by the property that X,,,—X,,, has the same
distribution as X. Rossberg (1972) and more recently Ramachandran (1980)
considered the more general problem of identical distribution of Xg ,n— Xy,n
and X, ,_;. We consider the Puri-Rubin problem as the more general
problem can be solved in exactly the same way.

Defining F and G as before, the condition that X,,,—X;,, and X have
the same distribution gives the equation

Zoj G(z+y)dF(y) = G(z), = > 0. e (440)
Applying Theorem 3.2, we find

G(z) = plx)e*®

where p(x) = p(x+2) ¥ z¢ F, provided F(0) < 1/2. If the support of F is
not a lattice then X ~ E(A). If the support of F is the set of integers, then

G(x) =chf% 2=0,1, ...

which yields the probabilities

20 < 5 21 = o(1—f), Py = PA—P), ..

where p, and ¢ are chosen such that py+p,+... =1. If p, = 1/2, then one
of the equations to be satisfied is

D1Py+DPePst... =0

which implies that only one other p; = 1/2 and the rest are zero.
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5. CHARACTERIZATIONS OF THE PARETO DISTRIBUTION

The Pareto law which plays an important role in the study of income
distribution specifies the p.d.f. as

{ 1—afx* x> a,
F(x) =

0, r <a.

It is seen that the transformation x = ae¥ makes y an exponential variable.
Then, for every characterization of the exponential law, we can state the
corresponding characterization of the Pareto law. Some of the interesting
results obtained by using the Theorems of Section 4 are as follows.

Theorem 5.1 : Consider a nonnegative random variable X truncated at
a > 0, and let R be an independent random variable distributed over the interval
(0,1). If the distribution of ¥ = XR truncated at a is the same as that of X,
then X has the Pareto distribution.

Note. If X represents the income of an individual and R the proportion
of the income reported, then the distributions of the actual income and the
reported income both truncated below at a given point will be the same only
if the actual income has the Pareto distribution. Krishnaji (1970) established
this result when R has a uniform distribution. Our theorem shows the
validity of this result for any nontrivial arbitrary distribution of R on (0, 1).

Theorem 5.2 : Let X be a nonnegative random variable and h(-) be a non-
negative and nondecreasing function such that h(0) = 0 and for any a > 0

E [h( %é— ) | X > a] = constant ;

then X has the Pareto distribution.

While the paper was in Prese the authors have come to know that

Theorem 3.1 of this paper had been proved by J. Deny in 1960 under a more
general set up.
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